We consider the 1 + 1 dimensional N = (8, 8) supersymmetric matrix field theory obtained from a dimensional reduction of ten dimensional N = 1 super YangMills. The gauge groups we consider are U(N ) and SU(N ), where N is finite but arbitrary. We adopt light-cone coordinates, and choose to work in the light-cone gauge. Quantizing this theory via Discretized Light-Cone Quantization (DLCQ) introduces an integer, K, which restricts the light-cone momentum-fraction of constituent quanta to be integer multiples of 1/K. Solutions to the DLCQ bound state equations are obtained for K = 2, 3 and 4 by discretizing the light-cone super charges, which preserves supersymmetry manifestly. We discuss degeneracies in the massive spectrum that appear to be independent of the light-cone compactification, and are therefore expected to be present in the decompactified limit K → ∞. Our numerical results also support the claim that the SU(N ) theory has a mass gap.
Introduction
The non-perturbative properties of super Yang-Mills theories have received a lot of attention lately. In a seminal paper by Witten [1] , it was shown that the low energy dynamics of N coincident Dp-branes could be described by p + 1 dimensional U(N) super YangMills. This insight was instrumental in motivating the M(atrix) theory conjecture [2] , and also played a role in the AdS/CFT correspondence recently proposed by Maldacena [3] .
In summary, theorists are now grappling with the rather surprising fact that YangMills theories seem to know more about the dynamics of string theory than previously conceived. Moreover, physics in many space-time dimensions may be described consistently by low dimensional Yang-Mills theories. There is therefore renewed interest in studying the non-perturbative properties of low dimensional super Yang-Mills theories.
Motivated by these developments, we consider the 1 + 1 dimensional supersymmetric matrix field theory obtained from a dimensional reduction of ten dimensional N = 1 super Yang-Mills, which results in a two dimensional gauge theory with N = (8, 8) supersymmtery. The possible gauge groups are U(N) and SU(N), where N is finite but arbitrary. A similar theory with N = (1, 1) supersymmtery was studied recently in [4] .
After introducing light-cone coordinates, and adopting the light-cone gauge, it is a straightforward procedure to implement Discrete Light-Cone Quantization (DLCQ) in order to extract numerical bound state solutions [5] . As was pointed out in the earlier work [6] , exact supersymmtery may be preserved in the DLCQ spectrum if we choose to discretize the light-cone supercharges rather than the light-cone Hamiltonian.
The complexity of the N = (8, 8) model far exceeds any other two dimensional theories studied in the context of DLCQ (see [7] for an extensive review), since there are now eight boson and eight fermion fields that propagate as physical modes. In practice, this means we can only probe the theory for rather crude discretizations (K ≤ 4, where 1/K is the smallest unit of light-cone momentum). Despite this shortcoming, we are able to resolve some interesting features of the decompactified (K → ∞) theory. In particular, we are able to count degeneracies of certain states in the massive spectrum, and establish evidence for the existence of a mass gap in the SU(N) theory.
The organization of the paper may be summarized as follows; in Section 2 we introduce the 1 + 1 dimensional N = (8, 8) supersymmetric gauge theory, which we formulate in light-cone coordinates. Explicit expressions for the quantized light-cone supercharges are written down, followed by a discussion on the DLCQ formulation of the theory. In Section 3 we tabulate the results of our numerical DLCQ analysis, highlighting the degeneracies observed in the spectrum. We also argue why the numerical results are consistent with the existence of a mass gap; i.e. there are no normalizable massless states in the SU(N) theory other than the light-cone vacuum. A summary of our observations, and further discussion, appears in Section 4. The formulation of ten-dimensional super Yang-Mills theory in light-cone coordinates is presented in Appendix A. (x 0 ± x 9 ). The resulting two dimensional theory may be described by the action
where the repeated indices α, β are summed over light-cone indices ±, and I, J are Since we are working in the light-cone frame, it is natural to adopt the light-cone gauge A − = 0. With this gauge choice, the action (1) becomes
where
T R θ R is the longitudinal momentum current. The (EulerLagrange) equations of motion for the A + and θ L fields are now
These are evidently constraint equations, since they are independent of the light-cone time σ + . The "zero mode" of the constraints above provide us with the conditions
which will be imposed on the Fock space to select the physical states in the quantum theory. The first constraint above is well known in the literature, and projects out the colorless states in the quantized theory [9] . The second (fermionic) constraint is perhaps lesser well known, but certainly provides non-trivial relations governing the small-x behavior of light-cone wave functions 2 [8] .
At any rate, equations (3),(4) permit one to eliminate the non-dynamical fields A + and θ L in the theory, which is a particular feature of light-cone gauge theories. There are no ghosts. We may therefore write down explicit expressions for the light-cone momentum P + and Hamiltonian P − in terms of the physical degrees of freedom of the theory, which are denoted by the eight scalars X I , and right-moving spinor θ R :
The light-cone Hamiltonian propagates a given field configuration in light-cone time σ + , and contains all the non-trivial dynamics of the interacting field theory.
In the representation for the γ I matrices specified by (32) in Appendix A, we may write
where u is an eight component real spinor.
In terms of their Fourier modes, the fields may be expanded at light-cone time σ + = 0 to give
For the gauge group U(N), the (anti)commutation relations take the form
while for SU(N), we have the corresponding relations
An important simplification of the light-cone quantization is that the light-cone vacuum is the Fock vacuum |0 , defined by
for all positive longitudinal momenta k + > 0. We therefore have
The "charge-neutrality" condition (first integral constraint from (5) At this point, we may determine explicit expressions for the quantized light-cone operators P ± by substituting the mode expansions (9),(10) into equations (6), (7) . The mass operator M 2 ≡ 2P + P − may then be diagonalized to solve for the bound state mass spectrum. However, as was pointed out in [6] , it is more convenient to determine the quantized expressions for the supercharges, since this leads to a regularization prescription for P − that preserves supersymmetry even in the discretized theory.
In order to elaborate upon this last remark, first note that the continuum theory possesses sixteen supercharges, which may be derived from the dimensionally reduced form of the ten dimensional N = 1 supercurrent:
where α = 1, . . . , 8, and repeated indices are summed. The eight 8 × 8 real matrices β I are discussed in Appendix A. By explicit calculation or otherwise, these charges satisfy the following relations:
If we substitute the mode expansions (9),(10) into equations (16), (17) for the light-cone supercharges Q ± α , we obtain the following 'momentum representations' for these charges:
and In order to implement the DLCQ formulation 4 of the bound state problem -which is tantamount to imposing periodic boundary conditions σ − ∼ σ − +2πR -we simply restrict the momentum variable(s) appearing in the expressions for Q ± α (equations (20),(21)) to the following discretized set of momenta:
Here, P + denotes the total light-cone momentum of a state, and may be thought of as a fixed constant, since it is easy to form a Fock basis that is already diagonal with respect to the quantum operator P + [5] . The integer K is called the 'harmonic resolution', and 1/K measures the coarseness of our discretization -we recover the continuum by taking the limit K → ∞.
Physically, 1/K represents the smallest positive 5 unit of longitudinal momentum-fraction allowed for each parton in a Fock state.
Of course, as soon as we implement the DLCQ procedure, which is specified unambiguously by the harmonic resolution K, the integrals appearing in the definitions for Q ± α are replaced by finite sums, and the eigen-equation
to a finite matrix diagonalization problem. In this last step, we use the fact that P − is proportional to the square of any one of the eight supercharges Q
4 It might be useful to consult [6, 9, 11, 12] for an elaboration of DLCQ in models with adjoint fermions. 5 We exclude the zero mode k + = 0 in our analysis; the massive spectrum is not expected to be affected by this omission, but there are issues concerning the light-cone vacuum that involve k + = 0 modes [13, 14] .
(equation (19)), and so the problem of diagonalizing P − is equivalent to diagonalizing any one of the eight supercharges Q − α . As was pointed out in [6] , this procedure yields a supersymmetric spectrum for any resolution K. In the present work, we are able to perform numerical diagonalizations for K = 2, 3 and 4 with the help of Mathematica and a desktop PC.
The fact that we may choose any one of the eight supercharges to calculate the spectrum provides a strong test for the correctness of our computer program. As expected, we find that the spectrum we obtain by squaring the eigenvalues of any two different supercharges yields the same massive spectrum. Moreover, the spectrum turns out to be exactly supersymmetric, which is also what we require. Such tests are very convenient when studying complicated models; for example, in the expression for Q 
DLCQ Bound State Solutions
We consider discretizing the light-cone supercharge Q − α for a particular α ∈ {1, 2, . . . , 8}, and for the values K = 2, 3, 4. For a given resolution K, the light-cone momenta of partons in a given Fock state must be some positive integer multiple of P + /K, where P + is the total light-cone momentum of the state. For example, when K = 2, there are precisely 256 Fock states in the U(N) theory that are made up from two partons:
128 Bosons:
128 Fermions: The decoupling of the U(1) degrees of freedom in the U(N) theory provides trivial examples of massless states, and implies that all the non-trivial dynamics is contained in the SU(N) gauge theory. In particular, investigating the existence (or not) of massless states in the SU(N) theory is a highly non-trivial problem for K ≥ 3. We will therefore restrict our attention to the SU(N) gauge theory.
To begin, we list all two parton states in the SU(N) gauge theory for K = 3:
128 Fermions:
Thus, there are 128 bosons and 128 fermions that consist of two partons. For three parton states, where the momentum is shared equally among each parton, the states take the following form:
688 Fermions:
More specifically, there are 176 boson states of the form 6 tr[a † I ( 
. Therefore, the SU(N) K = 3 DLCQ Hilbert space consists of 816 bosons and 816 fermions. It is indeed satisfying to find that our computer algorithm generates precisely this number of states.
The results of our DLCQ numerical diagonalization of (Q − α ) 2 is summarized in Table   6 We use Polya Theory to count these states; we think of a necklace with three beads, where each bead may be colored in eight distinct ways. The permutation symmetry involving only rotations is Z 3 , and the 'cyclic index polynomial' is therefore Table 1 : SU(N) bound state masses M 2 in units g 2 N/π for resolution K = 3. When expressed in these units, the masses are independent of N (i.e. there are no 1/N corrections at this resolution), and so these results are applicable for any N > 1. The notation '128 + 128' above implies a 256-fold mass degeneracy in the spectrum with 128 bosons and 128 fermions. 
and it is easily shown that there are 4 × 8 3 = 2048 such states. Enumerating all four parton bosonic Fock states requires additional effort. Firstly, we consider all single-trace bosonic Fock states with four partons; these are listed below:
8192 bosons (4 partons): We now enumerate all the fermions, which turns out to be a much simpler calculation.
To begin, all two-parton fermionic states have the form 192 fermions (2 partons): 
We use Polya theory as before: The cyclic permutation symmetry of a necklace with four beads, each of which can be colored in eight distinct ways, is Z 4 , and gives rise to the cyclic index polynomial 9 The counting here is the same as in the first type because of the Z 4 cyclic symmetry, but we must also subtract zero-norm states, which are precisely those states with α = β = γ = δ. There can only be 8 such states, and so we have 1044 − 8 = 1036 distinct states overall.
and it is easy to verify that there are 4×8 3 = 2048 such states. Once again, this precisely matches the number of three-parton bosonic states. Four-parton fermionic states may consist of a single trace or a product of two traces. The single-trace Fock states take the form 8192 fermions (4 partons):
tr[a † I ( 
One 
DLCQ preserves supersymmetry.
We remark here that the computer algorithm we use for constructing the DLCQ Fock states involves choosing an arbitrary set of input Fock states, and then repeatedly acting on this set by a preassigned number of supercharges until no new states are formed.
These supercharges may then be diagonalized on this sub-space of Fock states. It is reassuring to find that this algorithm generates precisely the number of states that we counted above.
In order to determine the bound state spectrum, we need to diagonalize a particular supercharge Q − α on the DLCQ Hilbert space. Fortunately, because of the sixteen supersymmetries, we can reduce the problem of diagonalizing a 29056 × 29056 matrix to the problem of diagonalizing sixteen 1816 × 1816 block matrices. These block matrices may be reduced further; the double-trace states are already diagonal with respect to the mass-squared operator M 2 , and are massless, so they decouple from the dynamics of single-trace Fock states. Therefore, the block matrix involving only single trace Fock states has dimensions 1304 × 1304, and is easily handled by a desk top PC.
The results of our numerical diagonalizations are presented in Table 2 : SU(N) bound state masses M 2 in units g 2 N/π for resolution K = 4. When expressed in these units, the masses are independent of N (i.e. there are no 1/N corrections at this resolution), and so these results are applicable for any N > 1. Masses labeled with * correspond to the states observed at the lower resolution K = 3 (Table  1) . To make this identification, it is necessary to study the Fock state expansion of these bound states.
Discussion
It is evident from the DLCQ bound state masses summarized in Tables 1 and 2 that there are a large number of massless states. At first, this seems to be at odds with the claim that the SU(N) gauge theory is expected to have a mass gap [1] . However, to determine whether there is a mass gap or not, we need to investigate whether there are normalizable states with zero mass in the continuum limit K → ∞. In our present study, we only considered the values K = 2, 3 and 4, and so it would seem hopeless at first to make any statements about the continuum theory. It turns out, however, that there is already suggestive evidence of a mass gap which can be obtained at these low resolutions. This pattern is very suggestive; namely, we expect that at a given resolution K, the massless states in the DLCQ spectrum will be a superposition of only K-parton Fock states, so that each parton carries a single unit of light-cone momentum. It is clear, then, that as we take the continuum limit K → ∞, these massless states do not converge to any well-defined massless state in the continuum, which contrasts what is observed in a two dimensional supersymmetric model with (1, 1) supersymmetry [4] . Of course, this assumption is not enough to establish the existence of a mass gap, since it is possible that lighter massive states may appear at higher resolutions, and possibly converge to zero in the limit K → ∞ [4] . However, we note that the lightest massive states at K = 4 are heavier than the ones observed at K = 3, and so increasing the resolution does not appear to introduce lighter massive states. Evidently, it would be desirable to probe larger values of K to help clarify this issue, and we leave this for future work.
Nevertheless, our results clearly support the existence of a mass gap in the continuum SU(N) supersymmetric gauge theory.
There is also additional information about the continuum theory that emerges from our DLCQ results. First of all, the massive states observed at K = 3 (see Table 1 ) are also observed at K = 4 (Table 2) with the same mass degeneracy. We therefore expect these degeneracies to be preserved for all values of K, including the continuum limit K → ∞. Our numerical results therefore indicate mass degeneracies that are expected to be present in the spectrum of the continuum theory.
We finally comment on possible connections between the DLCQ N = (8, 8) model studied here and various string-related models. It has already been claimed that at resolution K one finds massless states made up of K-parton Fock states, so that each parton carries precisely one unit of light-cone momentum. If one thinks of K as being large but finite, then these states become string-like states made up of many 'bits'. One also finds that the lightest massive states at K = 4 are composed of mainly three and four-parton Fock states, and so, in general, one expects the low energy spectrum to be dominated by string-like states -a property that is in fact observed for two dimensional (1, 1) super Yang-Mills [4] . This suggests that the DLCQ model studied here might be closely related to the 'string-bit' models originally proposed by Thorn [15] . Perhaps more intriguing is the possible connection with matrix string theory [16] . In the DLCQ model we compactify a light-like direction, while for matrix string theory, one works with the same Lagrangian, but chooses instead to compactify a space-like coordinate, which originates from the geometry of closed strings in Type IIA string theory. It would be very interesting to compare these two schemes, and possibly relate them. Perhaps understanding the origin of quantized electric flux in the context of light-cone quantized gauge theories [13, 14] will pave the way to a better understanding of the significance of the DLCQ model studied here and the dynamics of non-perturbative string theory. 
and µ, ν = 0, . . . , 9. The Majorana spinor Ψ transforms in the adjoint representation of U(N). The (flat) space-time metric g µν has signature (+, −, . . . , −), and we adopt the normalization tr(T a T b ) = δ ab for the generators of the U(N) gauge group.
In order to realize the ten dimensional Dirac algebra {Γ µ , Γ ν } = 2g µν in terms of Majorana matrices, we use as building blocks the reducible 8 s + 8 c representation of the spin(8) Clifford Algebra. In block form, we have
where ψ is a sixteen component real spinor, and the numerical factor 2 1/4 is introduced for later convenience.
Since γ 9 anti-commutes with the other eight γ I 's, and satisfies (γ 9 ) 2 = 1, we may construct further projection operators P R ≡ 1 2
(1 + γ 9 ) and P L ≡ 1 2
(1 − γ 9 ) which project out, respectively, the right-moving and left-moving components of the sixteen component spinor ψ defined in (37):
This decomposition is particularly useful when working with light-cone coordinates, since in the light-cone gauge one can express the left-moving component ψ L in terms of the right-moving component ψ R by virtue of the fermion constraint equation. We will derive this result shortly. In terms of the usual ten dimensional Minkowski space-time coordinates, the light-cone coordinates are given by
, "time coordinate" (39)
x ⊥ = (x 1 , . . . , x 8 ). "transverse coordinates"
Note that the 'raising' and 'lowering' of the ± indices is given by the rule x ± = x ∓ , while x I = −x I for I = 1, . . . , 8, as usual. It is now a routine task to demonstrate that the Yang-Mills action (28) for the positive chirality spinor (37) is equivalent to 
which is evidently a non-dynamical constraint equation, since it is independent of the light-cone time. We may therefore eliminate any dependence on ψ L (representing unphysical degrees of freedom) in favor of ψ R , which carries the eight physical fermionic degrees of freedom in the theory. In addition, the equation of motion for the A + field yields Gauss' law:
where J + = i[A I , ∂ − A I ] + 2ψ T R ψ R , and so the A + field may also be eliminated to leave the eight bosonic degrees of freedom A I , I = 1, . . . , 8. Note that the eight fermionic degrees of freedom exactly match the eight bosonic degrees of freedom associated with the transverse polarization of a ten dimensional gauge field, which is of course consistent with the supersymmetry. We should emphasize that unlike the usual covariant formulation of Yang-Mills, the light-cone formulation here permits one to remove explicitly any unphysical degrees of freedom in the Lagrangian (or Hamiltonian); there are no ghosts.
